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Abstract: A conjugate gradient method is well-known for solving large scale un-

constrained optimization problem. However, the direction generated by a conjugate 

gradient method may not be a descent direction. We propose an algorithm utilizing 

the modified Fletcher-Reeves conjugate gradient method and the modified Armijo-

type line search. We prove that the direction generated is a descent direction and 

the algorithm is globally convergent if the objective function has Lipschitz con-

tinuous gradient. 

 

Keywords: Conjugate gradient method, Descent direction, Fletcher-Reeves conju-

gate gradient method, modified Armijo-type line search, Global convergent.   

 

Abstrak: Metode Conjugate Gradient merupakan metode yang terkenal untuk 

menyelesaikan masalah optimasi tanpa kendala dalam skala besar. Akan tetapi arah 

yang dihasilkan metode ini dimungkinkan bukan merupakan arah yang menurun. 

Peneliti mengusulkan suatu algoritma yang menggabungkan metode Fletcher-

Reeves Conjugate Gradient dan pencarian arah Armijo termodifikasi. Dalam artkel 

ini akan ditunjukkan bahwa arah yang dihasilkan metode gabungan ini merupakan 

arah yang menurun dan algoritmanya konvergen global jika fungsi objektifnya 

mempunyai gradient yang memenuhi kondisi Lipschitz dan kontinyu. 

 

Kata kunci: Metode Conjugate Gradient, Arah yang menurun, Metode Fletcher-

Reeves Conjugate Gradient, Pencarian garis Armijo termodifikasi, Konvergen 

global. 

 

 
INTRODUCTION 

The conjugate gradient method is a well-

known method for solving large scale un-

constrained optimization problems due to its 

low memory requirements and strong local 

and global properties. Many types of conju-

gate gradient methods had been developed 

to provide a method with more robust and 

faster optimization algorithm for nonlinear 

problems. In general, the nonlinear conju-

gate gradient method is designed to solve 

the following unconstrained optimization 

problem:  

min , . (1.1) 

where f is nonlinear function whose gradient 

is denoted by . Let  be the initial guess 

of the solution of (1.1). The iterative for-

mula of the conjugate gradient method is 

given by  

where  is the step length is obtained by 

carrying out some line search, and the di-

rection  is defined by  

8 
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  (1.2) 

where  is a parameter such that when ap-

plied to minimize a strictly convex quadratic 

function, the directions  and  are 

conjugate with respect to the Hessian of the 

objective function. 

Fletcher-Reeves conjugate gradient 

method formulates parameter  which is 

denoted as  as follows: 

 (1.3) 

For , the directional derivative of f at 

 along the direction  is given by 

   
It can be seen that if the step length is car-

ried out by the exact line search, then for 

any , we have   

 
Zoutendijk (1970) had proved that the 

Fletcher-Reeves method with exact line 

search is globally convergent. A direction  

 

 

generated by the Fletcher-Reeves method is 

also guaranteed to be a descent direction if 

the line search is carried out by the strong 

Wolfe-Powell line search. Global conver-

gence of this method has been proved by Al-

Baali (1985). 

However, if the line search is Armijo-

type line search or Wolfe-type line search, 

the descent property of  given in (1.2) is 

not guaranteed in general. In the case that 

 is not a descent direction, Al-Baali sug-

gested to use the steepest descent direction 

 instead of  given by (1.2).  

Birgin and Martinez (2001) proposed 

three kinds of spectral conjugate gradient 

methods by combining conjugate gradient 

method and spectral gradient method. The 

direction  is given by 

 

where  and parameter  

is computed in three ways as follows: 

 
 

 

 is the spectral gradient which is evalu-

ated by 

 

where . In the numerical 

results, these methods perform very effec-

tively. However, the direction generated by 

these methods may not be a descent direc-

tion. 

Motivated by the success of the spectral 

conjugate gradient method, Liu et.al (2012) 

proposed a new method by combining the 

conjugate gradient method and the spectral 

gradient method. The direction is generated 

in the same way as in the conjugate gradient 

method, and  and  are specified in the 

following way 

 

 

 

 

 
Under some mild conditions, the global 

convergence of this method has been guar-

anteed with the strong Wolfe line search. 

Yu et.al (2010) proposed a spectral 

conjugate gradient method for impulse noise 

removal. The search direction generated by 

this method is guaranteed to be descent di-

rection. Moreover, under the strong Wolfe 

line search, this method is globally conver-

gent. 

The global convergence of the Fletcher-

Reeves and the Polak-Ribiere-Polyak meth-

ods with Armijo inexact line search has 
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been discussed in a systematic way. For 

finding an effective and efficient step 

length, considerable researches have been 

made provided an iterate  and a descent 

direction . There are at least four types of 

inexact line search procedures. The Armijo-

type line search is one of several inexact line 

search procedures which guarantees a suffi-

cient degree of accuracy to ensure the algo-

rithm convergence. 

The Armijo-type line search is finding 

 such that  is the smallest non-

negative integer j satisfying 

 

where  and . The itera-

tive scheme in the Armijo-type line search is 

often referred to as backtracking. This tends 

to make finding the step length vary in the 

predictable manner. 

 

 
THE MODIFIED FLETCHER-REEVES 

CONJUGATE GRADIENT METHOD 

Zhang et.al (2006) proposed a conjugate 

gradient method by modifying a Fletcher-

Reeves conjugate gradient method to be 

similar with a spectral conjugate gradient 

method but with different parameters  and 

. This modification to the Fletcher-

Reeves conjugate gradient method ensures 

that the direction generated is always a de-

scent direction. 

In the modified Fletcher-Reeves method, 

the direction is defined by the following 

way 

  (2.1) 

where  is described by (1.3) and 

 
From (1.3), (2.1), and (2.2), we have 

 
By induction, we can get 

 
It is clear that if the exact line search is used 

to determine the step length, then 

. Thus, 

 
In this case, the modified Fletcher-Reeves 

method reduces to the standard Fletcher-

Reeves method. 

 

 
THE MODIFIED ARMIJO-TYPE LINE 

SEARCH 

Modification of Armijo line search is 

based on using the function  

 

where  is a simple symmetric and positive 

definite matrix proposed by Wei et.al 

(2000). This modified line search can be ap-

plied by using  for  instead of  for 

convenience.  

Wei, et.al (2008) proposed the modified 

Armijo-type line search in the following 

way.   

Let , ,  , 

, and  be given. Let we denote 

 The Armijo-type line search is 

to find  where  is the smallest nonnega-

tive integer j such that 
 

 

   (3.1) 

and 

                    (3.2) 

where  is defined as 
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Parameter  plays an important rule for 

improving the initial step length. It has been 

proved that if the direction generated is a 

descent direction, then it is guaranteed that 

there exists a nonnegative integer j satisfy-

ing the Armijo-type line search.  

Wei, et.al (2008) also introduced a rea-

sonable choice for selecting  based on the 

quadratic model  which is a Taylor se-

ries of order two of the function 

 around . If  is suffi-

ciently small, introduce  by 

Let  be a 

very small real number, then we select  in 

the following way 

 

It is reported that this choice works quite 

well by selecting   and 

. 

 
ALGORITHM 

The following algorithm is the algorithm 

of the modified Fletcher-Reeves conjugate 

gradient method in which its step length is 

chosen by the Armijo-type line search.  

 

Algorithm MFR-MA 

Step 1  Given constants , 

, , , ; 

Step 2  Take a starting point  and let k = 

0;  

Step 3  Set  

Step 4  While  do

 

 Find  such that  

o Compute ; 

o Compute  ;  

o If  

  
 else 

  
 end 

o Let ; 

o Set j = 0; 

o Take , ; 

o While    

  

 ; 
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 end 

o Output  

 Let the next iterate ; 

 Evaluate ; 

 Compute the spectral gradient  by ; 

 Compute  by ; 

 Generate by ; 

 Let  ; 

 Output k and  

  
GLOBAL CONVERGENCE 

Global convergence of the Algorithm 

MFR-MA will be proved in this section un-

der the following assumption. 

 

Assumption MFR-MA 

1) The level set 

 is 

bounded where  is the starting point. 

2) The gradient of the objective function  

satisfies the Lipschitz condition, i.e. 

there exists  such that for all 

, 

By the modi-

fied Armijo condition,  is a decreas-

ing sequence. This implies that  gener-

ated by Algorithm MFR-MA is contained in 

. It also implies that there exists a constant 

 such that 

    
  (5.1) 

In addition, by the Assumption MFR-MA, 

there exists a constant  such that for 

all k satisfy 

      
  (5.2) 

Lemma 1. Suppose that Assumption MFR-

MA holds. Then  

  and  

  (5.3) 

Proof : From (5.1) we obtain 

 

 

 

 

Therefore, . 

We have the Modified Armijo condition, that is 

 
then we get 
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This implies   and  . 

 

We know that  for all 

, and the two series are series of non-

negative real numbers. Hence, the series are 

decreasing. This leads to 

  and  

. 

This property is very important for proving 

the global convergence of Algorithm MFR-

MA. 

 

Lemma 2. Suppose that the Assumption 

MFR-MA holds. If there exists a constant 

 such that for all ,   

then there exists a constant  such that 

for all k satisfy      (5.4) 

Proof :  Using (1.2), (1.3), (eq. of spectral), 

and triangle inequality of the Euclidean 

norm, we obtain 

 

 

 

Since  satisfies the Lipschitz condition and , then 

 

 

Since  for all , then   

 

From (5.3), this implies that there exists a constant  and an integer K such that for all 

, 

 

For any , we have 

  

 

 

 
Therefore, we obtain  

 

Letting  gives  for all k. 
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Lemma 3. Suppose that the Assumption MFR-MA holds. Let  be  the sequence of points 

generated by the Algorithm MFR-MA. Then there exists a constant  such that for all k, 

 
Proof : We prove (5.5) by considering the following cases: 

Case 1. . By the modified Fletcher-Reeves method, we have . Then  

 

Hence, the inequality (5.5) is satisfied with . 

Case 2. . From the definition of , (3.1) and (3.2) cannot simultaneously satisfied for 

. If   does not satisfy (3.1) then we have 

 

By the Mean Value theorem, there exists  such that 

 
Then we get  

 

Dividing by   on both sides gives 

 

Now we subtract  from both sides, then  

 
By the Assumption MFR-MA and Cauchy-Schwarz inequality, we have 

 
Consequently, 

 
Hence we obtain 

 

Since , then 

 

If   does not satisfy (3.2), we have 
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By definition of  we obtain 

 

Dividing both sides of the inequality by yields 

 

Next, we multiply both sides by . So we get  

 

Subtracting both sides by  gets 

  

 

By the Assumption MFR-MA and the fact that , then 

 

 

 
Then  

 

Now we introduce a constant  by 

 
 

Then we get  as required. 

 

Theorem 1. Suppose that the Assumption 

MFR-MA holds. Let  be  the sequence 

of points generated by the Algorithm MFR-

MA. Then 

 
Proof : We now prove this theorem by a 

contradiction. Assume that the conclusion is 

not true. Then there exist a constant  

such that for all k, 

 
By lemma 2, we can obtain a constant 

 such that for all k, 

 
On the other hand, by lemma 3, we have 

 
If we combine the results of both lemmas, 

we have 
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We know that by letting , we have 

. 

Then this contradicts with  for all 

k. Therefore, there holds 

   
This completes the proof. 
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